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The complex-mass scheme for perturbative calculations with unstable
particles
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Perturbative calculations with unstable particles require the inclusion of their finite decay widths. A convenient,
universal scheme for this purpose is the complex-mass scheme. It fully respects gauge-invariance, is straight-
forward to apply, and has been successfully used for the calculation of various tree-level processes and of the
electroweak radiative corrections to e+e− → 4f and H→ 4f .
1. Introduction
The upcoming Large Hadron Collider (LHC)
and the planned International Linear Collider
(ILC) will allow for important tests of the Stan-
dard Model and searches for physics beyond.
These investigations are based on scattering and
decay processes with many external particles. A
decent exploitation of these experiments requires
adequate theoretical tools. At the LHC, at least
the NLO QCD corrections must be taken into
account even for background processes in order
to obtain useful predictions, and for many signal
processes also the NNLO QCD and NLO elec-
troweak corrections are needed. At the ILC per-
turbative corrections are mandatory for all preci-
sion investigations.
The calculation of NLO corrections for pro-
cesses with more than two particles in the final
state poses several problems. First, the large
number and complexity of Feynman diagrams re-
quire methods to deal with and to simplify large
algebraic expressions. Second, the numerically
stable evaluation of the loop integrals necessitates
suitable techniques, and the integration over the
complicated many-particle phase space, involving
many singularities, needs appropriate tools. On
top of this the appearance of internal unstable
particles provides additional complications.
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The description of resonances in perturbation
theory requires a Dyson summation of self-energy
insertions. This leads to a mixing of perturba-
tive orders and, if done carelessly, easily com-
promises gauge invariance [1,2]. Therefore, the
proper introduction of finite-width effects is non
trivial. For lowest-order predictions several solu-
tions have been described [2,3,4,5,6,7,8,9,10,11].
For the evaluation of radiative corrections in the
presence of resonances, a pole expansion [4,6,7]
has been used in the past. It provides a gauge-
invariant answer, but restricts the validity of the
result to the resonance region only and is not
reliable in threshold regions. Threshold regions
might be covered by effective field theories [11]
where a pole expansion is combined with a dedi-
cated expansion around the threshold. Obviously,
a scheme would be desirable that is universally
valid and easy to implement. This is provided by
the complex-mass scheme (CMS). It constitutes a
viable, unified description that is applicable in the
complete phase space and does not require any
matching between different treatments for differ-
ent regions.
2. The complex-mass scheme at tree level
In the CMS, which was introduced in Ref. [3]
for lowest-order calculations, the W- and Z-boson
masses are consistently considered as complex
quantities, defined as the locations of the poles in
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the complex k2 plane of the corresponding prop-
agators with momentum k. Gauge invariance is
preserved if the complex masses are introduced
everywhere in the Feynman rules, in particular
also in the definition of the weak mixing angle,
cos2 θW ≡ c
2
w = 1− s
2
w = µ
2
W/µ
2
Z, (1)
which is derived from the ratio of the complex
mass squares of the gauge bosons,
µ2W = M
2
W − iMWΓW, µ
2
Z = M
2
Z − iMZΓZ. (2)
All relations that do not involve complex conjuga-
tion, such as Ward or Slavnov–Taylor identities,
remain valid, because the gauge-boson masses are
modified only by an analytic continuation. As
a consequence the resulting matrix elements are
gauge-parameter independent, and unitarity can-
cellations are respected. These properties hold
order by order in perturbation theory, despite the
fact that some higher-order contributions are in-
corporated in the complex masses.
While necessary in the resonant propagators,
the consistent introduction of complex masses in-
troduces spurious terms in other places, as e.g.
in the weak mixing angle (1). When using the
CMS at tree level, which amounts to replacing the
real gauge-boson masses by the complex masses
(2) and the weak mixing angle by (1) in tree-
level amplitudes, the spurious terms are of order
O(ΓW/MW) = O(α) relative to the lowest-order
(both in resonant and non-resonant regions).
3. The complex-mass scheme at one loop
The generalization of the CMS to the one-loop
level was proposed in Ref. [12]. The complex
masses are introduced directly at the level of the
Lagrangian by splitting the real bare masses into
complex renormalized masses and complex coun-
terterms. Complex masses are not only intro-
duced for the gauge bosons but for all unstable
particles such as Higgs bosons and top quarks.
This scheme has the following properties:
• The Lagrangian yields Feynman rules with
complex masses and counterterms with which
perturbative calculations can be performed as
usual. Since the bare Lagrangian is not changed
at all, but only its perturbative expansion is
rearranged, no double counting of terms occurs.
• For each unstable particle, the real bare mass
is split into a complex renormalized mass and
a complex counterterm. The imaginary part of
the renormalized mass becomes part of the free
propagator, while the imaginary part of the coun-
terterm becomes part of a counterterm vertex. As
in ordinary renormalization, the former term is
resummed but the latter is not. Independently of
the imaginary part that is added and subtracted,2
this procedure does not spoil the algebraic rela-
tions that govern gauge invariance, and unitarity
cancellations are respected order by order.
• Performing an O(α) calculation in the CMS
yields O(α) accuracy everywhere in phase space
provided the width that enters in the resonant
propagators via the complex mass is calculated
including at least O(α) corrections. This is evi-
dent away from the resonances, where one could
expand in terms of the width, thus recovering
the usual perturbative expansion. In the reso-
nance region, where the resonant contributions
dominate, both the prefactors of the resonant
propagators and the resonant propagators them-
selves are taken into account in O(α), and our
results differ by O(α2) terms from a leading pole
approximation where this is applicable. Thus,
any spurious terms are of order O(α2).
• The CMS requires one-loop integrals with
complex internal masses. The IR-singular in-
tegrals can be found in Ref. [14]. The non-IR-
singular 2-point and 3-point functions can be
easily obtained by analytical continuation of the
results in Ref. [15]. The 4-point integrals nec-
essary for e+e− → 4f have been obtained by
analytic continuation of the results of Ref. [16].
Introducing complex masses and couplings
seems to violate unitarity. Obviously, the
Cutkosky cutting equations [17] are no longer
valid, and unitarity cannot simply be proven
order by order anymore. However, since we do
not modify the bare Lagrangian, the unitarity-
violating terms are of higher order, i.e. of O(α2)
2Such an idea was already proposed in Ref. [13].
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in an O(α) calculation. Moreover, this unitar-
ity violation cannot be enhanced, because all
Ward or Slavnov–Taylor identities are exactly
preserved. In this respect one should also men-
tion that unstable particles should be excluded as
external states, and only the S-matrix connect-
ing stable particle states needs to be unitary, as
has already been pointed out by Veltman in the
sixties [18]. Of course, before the CMS can be
viewed as a rigorous procedure to define a renor-
malized quantum field theory it has to be clarified
whether one can directly prove unitarity order
by order in this formalism. In particular, it is an
interesting question whether one can construct
modified cutting equations in the CMS.
4. Complex renormalization
The consistent introduction of complex masses
in loop calculations necessitates the formulation
of an appropriate renormalization prescription.
To this end, we generalize the on-shell renormal-
ization scheme formulated in Refs. [19,20,21] at
the one-loop level in a straight-forward way. A
generalization to higher orders should be possi-
ble.
For illustration here we treat only the renor-
malization of the W-boson self-energy. The com-
plete one-loop renormalization in the CMS was
presented in Ref. [12].
The complex renormalized masses and mass
counterterms result from a splitting of the real
bare masses squared,
M2W,0 = µ
2
W + δµ
2
W, (3)
where bare quantities are indicated by a subscript
0. Similarly, splitting the bare W-boson field,
W±0 =
(
1 + 1
2
δZW
)
W±, (4)
into a complex field renormalization constant
δZW and the renormalized field implies that
the bare and renormalized fields have different
phases. We stress that δZW applies to both the
W+ andW− field, i.e. the imaginary part of δZW
is fixed by the renormalization condition and does
not change sign when going from the W+ to the
W− field. As a consequence, the renormalized
Lagrangian, i.e. the Lagrangian in terms of renor-
malized fields without counterterms, is not hermi-
tian, but the total Lagrangian (which is equal to
the bare Lagrangian) of course is.
The renormalized (indicated by the hat) trans-
verse (T) W-boson self-energy reads
ΣˆWT (k
2) = ΣWT (k
2)− δµ2W + (k
2 − µ2W)δZW . (5)
Compared to Ref. [19] the renormalized on-shell
mass and the counterterms are replaced by their
complex counterparts. Moreover, renormalized
complex masses are implicitly used in the cal-
culation of the self-energy. In order to fix the
counterterms, we generalize the renormalization
conditions of the complete on-shell scheme [19,20]
and require
ΣˆWT (µ
2
W) = 0, Σˆ
′W
T (µ
2
W) = 0, (6)
where the prime denotes differentiation with re-
spect to the argument. The first condition (6)
fixes the mass counterterm in such a way that the
renormalized W-boson mass is equal to the loca-
tion of the propagator pole in the complex plane.
This is a gauge-invariant quantity, as pointed out
and shown in Refs. [6,22]. The second condition
(6) fixes the field renormalization constant δZW .
Note that δZW exactly drops out in all S-matrix
elements that do not involve external W bosons,
but allows to render all vertex functions finite.
This generally holds for all field renormalization
constants of unstable particles in S-matrix ele-
ments without external unstable particles. Un-
like in Refs. [19,20], we did not take real parts
in the renormalization conditions (6), and thus
not only the mass renormalization constants but
also the field renormalization constants become
complex. This ansatz is supported by the fact
that the imaginary part of one-loop scattering
amplitudes involving unstable external particles
becomes gauge dependent if the imaginary parts
of the counterterms are not included [23].
The renormalization conditions (6) have the so-
lutions
δµ2W = Σ
W
T (µ
2
W), δZW = −Σ
′W
T (µ
2
W), (7)
which require to calculate the self-energies for
complex squared momenta p2 = µ2W. This would
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demand an analytic continuation of the 2-point
functions entering the self-energies in the momen-
tum variable to the unphysical Riemann sheet. In
order to avoid this complication, we perform ap-
propriate expansions about real arguments,
ΣWT (µ
2
W) = Σ
W
T (M
2
W) + (µ
2
W −M
2
W)Σ
′W
T (M
2
W)
+O(α3). (8)
The O(α3) contributions result from products of
terms ΣW = O(α) and µ2W−M
2
W = O(α) and are
UV-finite by construction at the one-loop level.
By neglecting higher-order terms, that are be-
yond the accuracy needed for an O(α) calcula-
tion, we can replace (7) by
δµ2W = Σ
W
T (M
2
W) + (µ
2
W −M
2
W)Σ
′W
T (M
2
W),
δZW = −Σ
′W
T (M
2
W), (9)
which corresponds to a slightly modified renor-
malization scheme.
When inserting (9) into (5), we can rewrite the
renormalized W-boson self-energy in the CMS as
ΣˆWT (k
2) = ΣWT (k
2)−δM2W+(k
2−M2W)δZW , (10)
with
δM2W = Σ
W
T (M
2
W), δZW = −Σ
′W
T (M
2
W), (11)
Equations (10) with (11) have exactly the form
of the renormalized W-boson self-energy in the
usual on-shell scheme, but without taking the real
part of the counterterms. While in the on-shell
scheme the self-energies are calculated with the
real renormalized masses, in (10) and (11) the
self-energies are to be calculated with the complex
masses, although with real squared momenta.
The renormalization of the self-energies of the
neutral gauge bosons, of the Higgs boson, and of
the massive and massless fermions is done in the
same spirit and can be found in Ref. [12].
Owing to its definition (1), the renormalization
of the complex weak mixing angle is given by
δsw
sw
= −
c2w
s2w
δcw
cw
= −
c2w
2s2w
(
δµ2W
µ2
W
−
δµ2Z
µ2
Z
)
. (12)
The electric charge is fixed in the on-shell
scheme by requiring that there are no higher-
order corrections to the eeγ vertex in the Thom-
son limit. In the CMS this condition reads
δe
e
=
1
2
Σ′AA(0)−
sw
cw
ΣAZT (0)
µ2
Z
. (13)
Because of the complex masses in the loop inte-
grals, the charge renormalization constant δe and
thus the renormalized charge become complex.
Since the bare charge is real, the imaginary part
of δe is directly fixed by the imaginary part of self-
energies. In a one-loop calculation, the imaginary
part of the renormalized charge drops out in the
corrections to the absolute square of the matrix
element, because the charge factorizes from the
lowest-order matrix element. Starting from the
two-loop level, the imaginary part contributes.
For a correct description of the resonances at
the O(α) level, we need the width including O(α)
corrections. In the CMS the width is implicitly
defined via (9). Using δµ2W = M
2
W,0 − µ
2
W and
taking the imaginary part of the first equation
(9) yields
MWΓW = Im{Σ
W
T (M
2
W)} (14)
−MWΓW Re{Σ
′W
T (M
2
W)}+O(α
3),
which can be iteratively solved for ΓW. In O(α
2),
i.e. including first-order corrections to the width,
the result is equivalent to the one obtained in the
usual on-shell scheme. To this order the imag-
inary part of the self-energy is required in two-
loop accuracy, but the O(α)-corrected width can
be more easily obtained by calculating the one-
loop corrections to the decay processes W→ f¯f ′
in the usual on-shell renormalization scheme with
a real W-boson mass.
The calculation of the width from (14) includ-
ing O(α2) terms violates the relation between the
width and the imaginary part of the countert-
erm determined by (9). It is not obvious that
this procedure respects gauge invariance. How-
ever, a change in the width can be compensated
by a suitable change in the mass counterterm,
and an overall change of a one-loop counterterm
of a physical parameter does not violate gauge
invariance of a physical matrix element since it
is obtained by a variation of the gauge-invariant
lowest-order matrix element.
In fact, gauge invariance of our result for
e+e− → 4f has been explicitly checked [12,24]
by performing the same calculation within the
background-field method [21]. In this framework,
the gauge-boson field renormalization constants
can be determined in terms of the parameter
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renormalization in such a way that Ward iden-
tities keep their form upon renormalization. The
complex parameter renormalization is fixed as in
the conventional ’t Hooft–Feynman gauge, and
the concept of complex renormalization can be
applied in the same way as above.
5. Summary
The complex-mass scheme is a consistent,
gauge-invariant scheme for the calculation of
higher-order corrections to processes with inter-
mediate unstable particles. It has been fully elab-
orated for one-loop calculations and is straight-
forward to apply. It has been used in the calcu-
lation of the complete electroweak corrections to
e+e− → 4 fermions [12,24] (via charged current)
and to the Higgs-boson decay H→ 4 leptons [25].
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